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Paramodular forms coming from elliptic curves
Manami Roy
Abstract
There is a lifting from a non-CM elliptic curve E/Q to a paramodular form f of degree
2 and weight 3 given by the symmetric cube map. We find the level of f in an explicit
way in terms of the coefficients of the Weierstrass equation of E. In order to compute
the paramodular level, we use the available description of the local representations of
GL(2,Qp) attached to E for p ≥ 5 and determine the local representation of GL(2,Q3)
attached to E.
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Introduction
In this paper, we study certain Siegel cusp forms of degree 2 with arithmetic significance.
In 2007, Ramakrishnan and Shahidi [8] proved a transfer from a non-CM elliptic curve E
over Q to a Siegel cusp form f of degree 2 and weight 3 such that the spin L-function of f
is equal to the symmetric cube L-function of E. We call this transfer the symmetric cube
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transfer (or the sym3 lifting); see Section 1 for details. The goal of this paper is to better
understand the Siegel cusp forms coming from this transfer using some recent results which
were not available at that time. In order to study Siegel modular forms, it is important to
specify a congruence subgroup. Some natural questions are: Which congruence subgroup
should we consider to study the Siegel cusp forms coming from elliptic curves? What is the
level of a Siegel cusp form obtained by this transfer with respect to a specific congruence
subgroup? In this article, we consider Siegel cusp forms with respect to the paramodular
group of level M ,
K(M) = Sp(4,Q) ∩
[
Z MZ Z Z
Z Z Z M−1Z
Z MZ Z Z
MZ MZ MZ Z
]
. (1)
A Siegel modular form with respect to the paramodular group of some level is called a
paramodular form. The following result, which is a consequence of Corollary 3.2.3, gives
an explicit description of the level of the paramodular form coming from a non-CM elliptic
curve over Q via the sym3 lifting. We write ΓC(s) = 2(2π)
−sΓ(s) with Γ being the usual
gamma function.
Theorem 1. Let E be a non-CM elliptic curve over Q given by the global minimal Weier-
strass equation (12) with coefficients in Z and conductor N . Let ∆ be the discriminant at-
tached to the given Weierstrass equation and vp be the p-adic valuation. Let ∆
′ = 3−v3(∆)∆.
Suppose that E has good or multiplicative reduction at p = 2. Then there is a cuspidal
paramodular newform f of degree 2, weight 3 and level M with the following properties:
(i) The level M of f is given by M = N
∏
p|N
vp(∆)6≡0 mod 4
p2.
(ii) The completed spin L-function L(s, f) attached to f is given by
L(s, f) = ΓC
(
s+
3
2
)
ΓC
(
s+
1
2
) ∏
p<∞
Lp(s, f),
where Lp(s, f) = Lp(E, s, sym
3) for all places p. If p|N , then
Lp(s, f) =


1
1−p−3/2−s if E has split multiplicative reduction at p,
1
1+p−3/2−s
if E has non-split multiplicative reduction at p,
1
(1−αp−s)(1−α−1p−s) if j(E) ∈ Zp and vp(∆) ≡ 0 mod 4,
1 otherwise.
Here, α is an element of C× such that |α| = 1. If the following condition is satisfied
j(E) ∈ Zp, vp(∆) ≡ 0 mod 4, and


(p− 1)vp(∆) 6≡ 0 mod 12 if p ≥ 5,(
∆′
3
)
= −1 if p = 3,

 (2)
then α = i (the fourth root of unity).
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(iii) The Atkin-Lehner eigenvalues of f at the finite places are given by
ηp =


−1 if p | N, and E has split mult. red. at p or satisfies (2),(
∆′
3
)
w(E/Q3) if 3 | N, p = 3 and E satisfies S′6,
−w(E/Q3) if 3 | N, p = 3 and E satisfies S′′6 ,
1 otherwise,
where S
′
6, S
′′
6 are defined in Table 2.
The quantity w(E/Q3) appearing in part (iii) of the theorem is the local root number
of E/Q3 (see Theorem 1.1 of [4]). In order to prove this result, we need to understand
the underlying representation theoretic mechanism. Note that attached to every non-CM
elliptic curve, there is a cuspidal automorphic representation of GL(2,AQ), and Siegel cusp
forms (especially paramodular forms) are related to cuspidal automorphic representations
of GSp(4,AQ). Theorem 1.1.1 describes the symmetric cube transfer of cuspidal automor-
phic representations from GL(2,AQ) to GSp(4,AQ). We give a new proof of Theorem 1.1.1
using some modern techniques. Then, we discuss the level of the Siegel modular forms
coming from non-CM newforms via the sym3 transfer. A general description for the level
of such paramodular forms is given in Section 1 using Corollary 1.2.1 and Table 1. To get
a precise formula for the level of some paramodular forms coming from the sym3 lifting,
we concentrate on elliptic curves over Q.
To calculate the paramodular level attached to an elliptic curve E/Q, it is necessary
to know the local representations of GL(2,Qp) attached to E explicitly. Finding a definite
characterization of the local representations of GL(2,Qp) associated to elliptic curves over
Qp is of independent interest; we discuss this in Section 2. Particularly, this article treats
the case of residual characteristic 3, i.e., we find the local representations of GL(2,Q3)
attached to elliptic curves over Q3 with additive but potentially good reduction. Finally,
using the results from Section 1 and 2, we find the level of the paramodular forms coming
from non-CM elliptic curves over Q via the sym3 lifting in Section 3.
Acknowledgements. I would like to thank Dr. Ralf Schmidt for guiding me patiently
throughout this work. I am also grateful to Dr. Cris Poor and Dr. David Yuen for helpful
discussions.
1 Siegel modular forms obtained by the sym3 lifting
There is an action of GL(2,C) on the space of homogeneous polynomials of degree 3 in
C[S, T ] given by [
a b
c d
]
· f(S, T ) = f(aS + cT, bS + dT ).
This action defines a four-dimensional irreducible representation of GL(2,C) and induces
a map from GL(2,C) to GL(4,C). After conjugating by a suitable element of GL(4,C),
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we may assume that the image of the map lies in GSp(4,C). This map is known as the
symmetric cube map, denoted as sym3, and given by
sym3 : GL(2,C)→ GSp(4,C)
[
a b
c d
]
7→


a3 a2b ab2 −13b3
3a2c 2abc + a2d 2abd+ b2c −b2d
3ac2 2acd+ bc2 2bcd + ad2 −bd2
−3c3 −3c2d −3cd2 d3

 . (3)
1.1 Representation theoretic aspect of the sym3 lifting
Here, a “lifting” means a functorial lift according to the Langlands principle of functorial-
ity, a central conjecture in the Langlands program that describes the relationships between
automorphic objects living on two different algebraic groups. Let G,H be two (split)
reductive algebraic groups defined over Q. Attached to the groups G and H are their
dual groups Gˆ and Hˆ, which are complex reductive Lie groups whose root systems are
dual to those of G and H respectively. By the principle of functoriality, every homomor-
phism of Lie groups Gˆ→ Hˆ should give rise to a “lifting” of automorphic representations
of G(AQ) to automorphic representations of H(AQ) such that the L-functions of the au-
tomorphic representations of G(AQ) and H(AQ) are connected. Now, we have the map
sym3 : ĜL(2) = GL(2,C) → ĜSp(4) = GSp(4,C). So the principle of functoriality pre-
dicts that an automorphic representation of GL(2,AQ) should “lift” to an automorphic
representation of GSp(4,AQ), i.e., the following diagram should hold:{
GL(2,C) GSp(4,C)
sym3
}
Langlands
=======⇒
Functoriality
{
auto. rep. of auto. rep. of
GL(2,AQ) GSp(4,AQ)
sym3
lifting
}
. (4)
Ramakrishnan and Shahidi [8] proved the following lifting from a cuspidal automorphic
representation GL(2,AQ) to a cuspidal automorphic representation GSp(4,AQ).
Theorem 1.1.1 (Ramakrishnan-Shahidi, 2007). Let π =
⊗
p πp be a cuspidal automorphic
representation of GL(2,AQ) defined by a holomorphic, non-CM newform φ of even weight
k ≥ 2 and level N with trivial central character. Then there exists a cuspidal automorphic
representation Π =
⊗
pΠp of GSp(4,AQ) with trivial central character, which is unramified
at any prime p not dividing N, such that
(i) Each non-archimedean component Πp is generic, with its parameter being sym
3 of
the parameter of πp.
(ii) Π∞ is a holomorphic discrete series representation, with its parameter being sym3 of
the archimedean parameter of π.
(iii) L(s,Π) = L(s, π, sym3).
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Using some results that were not available at the time, we can now give a short proof of
Theorem 1.1.1 as follows:
Proof. By the functorial symmetric cube transfer for cuspidal automorphic representations
of GL(2,AQ) in [3], we get a unitary cuspidal automorphic representation µ = ⊗pµp of
GL(4,AQ) with trivial central character from π such that L(s, µ) = L(s, π, sym
3). Also, µ
has the following properties:
• µ is symplectic, i.e., the exterior square L-function L(s, µ,Λ2) has a pole at s = 1.
This is true because of the well known identity L(s, µ,Λ2) = L(s, π, sym4)ζ(s) and
the fact that L(s, π, sym4) has no zero at s = 1.
• µ is self-dual. This follows from the identity L(s, µ×µ) = L(s, µ,Λ2)L(s, µ, sym2) and
the facts that L(s, µ, sym2) has no zero at s = 1 and the Rankin-Selberg L-function
has a pole at s = 1 if and only if µ is isomorphic to its contragredient µ∨.
These two properties are explained in detail in [8]. Now, since µ is a self-dual, symplectic,
unitary, cuspidal automorphic representation of GL(4,AQ), ψ = µ⊠ 1 is an Arthur param-
eter of general type for the group SO(5). Then by Arthur’s classification in [1], there is
a packet Πψ of cuspidal automorphic representations of SO(5,AQ) with ψ as the Arthur
parameter. Since SO(5) and PGSp(4) are isomorphic as algebraic groups, a representation
of SO(5,AQ) can be viewed as a representation of GSp(4,AQ) with trivial central charac-
ter. Furthermore, using Proposition 1.2.1 of [14], it follows that there exists an element
Π ∼= ⊗Πp in the packet Πψ such that each non-archimedean local representation Πp is a
generic representation and Π∞ is a holomorphic discrete series representation. We choose
such a representation Π in Πψ. So, we get a cuspidal automorphic representation Π of
GSp(4,AQ) with trivial central character which satisfies properties (i) and (ii) of Theo-
rem 1.1.1. Also, it is evident from Lemma 1.3.1 of [14] that the spin L-function of Π
coincides with the standard L-function L(s, µ), i.e., L(s,Π) = L(s, µ) = L(s, π, sym3).
Moreover, this sym3 lifting (4) is functorial at each place since the local Langlands
correspondence is true for GL(2) and GSp(4). So, we can specifically study the “local
components” of the sym3 lifting, i.e., for an irreducible and admissible representation πp
of GL(2,Qp), we can consider the representations Πp of GSp(4,AQp) whose L-parameter
is the same as the L-parameter of µp. For the purposes of this paper, it is important to
study the “local sym3 lift” at each place.
1.2 Level of the Siegel modular forms coming from the sym3 lifting
We are interested in a classical version of Theorem 1.1.1 which associates a Siegel modular
form to a non-CM cuspidal newform via the sym3 lifting. Moreover, we want to understand
the level of the Siegel modular forms obtained by this lifting. Ramakrishnan and Shahidi
considered the principal congruence subgroup level, but principal congruence subgroups
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are not ideally suited for a correspondence between cuspidal automorphic representations
of GSp(4,AQ) and Siegel modular forms. Instead we consider Siegel modular forms with
respect to the paramodular group as in (1). There is a well understood connection between
paramodular forms and cuspidal automorphic representations of GSp(4,AQ), and there is
a nice newform theory for paramodular forms (see [9, 10]). These facts were not available
at the time Ramakrishnan and Shahidi proved the result on the sym3 lifting. Now, using
Theorem 1.1.1 and the paramodular newform theory we get the following corollary:
Corollary 1.2.1. Let φ be a non-CM cuspidal newform of even weight k ≥ 2 and level N
with trivial central character. Let π =
⊗
p πp be the cuspidal automorphic representation of
GL(2,AQ) associated to φ. Then there exists a vector valued cuspidal paramodular newform
f of weight detk+1 × symk−2 and level equal to the conductor a(sym3(π)) of sym3(π) such
that L(s, f) = L(s, φ, sym3).
Proof. By Theorem 1.1.1, π lifts to a cuspidal automorphic representation Π = sym3(π)
of GSp(4,AQ) with trivial central character. Moreover, Π is a representation of type (G)
(see [14]) such that each non-archimedean component Πp is generic and the archimedean
component Π∞ is a holomorphic discrete series representation. Then, by Theorem 4.4.1
from [10], there exists a paramodular vector of minimal level at each non-archimedean place.
Now, recall from Theorem 7.5.4 and Corollary 7.5.5 of [10] that the minimal paramodular
level of Πp at each finite place p is the conductor a(Πp) of Πp, and the dimension of
the space of paramodular vectors at the minimal level is 1. Since a(Π) =
∏
p a(Πp), we
get a paramodular newform f of level a(Π) = a(sym3(π)) associated to the automorphic
representation Π of GSp(4,AQ) such that L(s, f) = L(s,Π) (see [13]). Using part (ii) of
Theorem 1.1.1 we get L(s, f) = L(s,Π) = L(s, π, sym3) = L(s, φ, sym3). Also, one can
easily see that the weight of f is detk+1× symk−2 by looking at the local parameter at the
archimedean place and using the map (3). This concludes the proof.
Remark 1.2.2. In order to construct holomorphic Siegel modular forms, we choose the
non-archimedean components of sym3(π) to be generic and the archimedean components of
sym3(π) to be holomorphic discrete series in Theorem 1.1.1 and Corollary 1.2.1. We can
switch between generic and non-generic in each component since sym3(π) is of type (G).
We consider sym3(πp) as the L-packet on GSp(4,Qp) whose L-parameter is the symmetric
cube of the L-parameter of πp. But, when we study global results Section 3.2, we make the
specific choice.
We want to find a formula for the level of the paramodular form f in terms of the
data of the given newform φ. Since a(sym3(π)) =
∏
p a(sym
3(πp)), we need to calculate
a(sym3(πp)) for each local representation πp of GL(2,Qp) attached to φ.
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1.3 Local sym3 lifting
Let K be a non-archimedean field of characteristic zero with residual characteristic p. Let
oK be the ring of integers of K, and let p be the maximal ideal of oK . Let k = oK/p be
the residue field of K of order q. Let Φ ∈ Gal(K¯/K) be an inverse Frobenius element, i.e.,
Φ induces the inverse of the map x→ xq on the residue class field extension k¯/k. Let Kun
be the maximal unramified extension of K inside K¯. Let W (K¯/K) be the Weil group of
K. Then by definition
W (K¯/K) =
⊔
n∈Z
ΦnIK , (5)
where IK is the inertia group, which can be identified with the Galois group Gal(K¯/K
un). A
representation of W (K¯/K) is a continuous homomorphism ϕ : W (K¯/K)→ GL(V ), where
V is a finite-dimensional complex vector space. Let ω be the one-dimensional representation
of W (K¯/K) with the property ω(IK) = 1 and ω(Φ) = q
−1. A pair (ϕ,N) is called a
“Weil-Deligne representation” if ϕ is a representation of W (K¯/K) and N is a nilpotent
endomorphism of V such that ϕ(g)Nϕ(g)−1 = ω(g)N . For further detail, see [12]. By
the local Langlands correspondence, there is a one-to-one correspondence between the
irreducible admissible representations π of GL(2,K) and the two-dimensional Weil-Deligne
representations (ϕ,N). We refer to (ϕ,N) as the local parameter of π. Now, there are
three types of infinite dimensional irreducible admissible representations of GL(2,K):
i) The principal series representations χ1×χ2, where χ1, χ2 are characters of K×. The
local parameter is given by
ϕ(w) =
[
χ1(w)
χ2(w)
]
, w ∈W (K¯/K) and N = 0. (6)
ii) The (twisted) Steinberg representations χStGL(2,K), where χ is character of K
×. The
local parameter is given by
ϕ(w) =
[
|w| 12χ(w)
|w|− 12χ(w)
]
, w ∈W (K¯/K) and N =
[
0 1
0 0
]
. (7)
iii) The supercuspidal representations. The local parameter is an irreducible representa-
tion of W (K¯/K) with N = 0.
For p ≥ 3, every supercuspidal representation of GL(2,K) has a local parameter of the
form
ϕ = ind
W (K¯/K)
W (K¯/F )
(ξ) with ξ 6= ξσ, (8)
where F is a quadratic extension of K and ξ is a character of W (K¯/F ). Here, σ is the
nontrivial element in W (K¯/K) \W (K¯/F ) and the conjugate character ξσ of W (K¯/F ) is
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defined by ξσ(x) = ξ(σxσ−1), x ∈ W (K¯/F ). With respect to a suitable basis, ϕ has the
following matrix form,
ϕ(x) =
[
ξ(x)
ξσ(x)
]
, x ∈W (K¯/F ), and ϕ(σ) =
[
1
ξ(σ2)
]
. (9)
The representation of GL(2,K) with a local parameter as in (8) is called a dihedral super-
cuspidal representation of GL(2,K) and we denote it by ωF,ξ, where ξ is a character of F
×
corresponding to the character ξ of W (K¯/F ) via the Artin isomorphism. The conjugate
character ξσ of W (K¯/F ) corresponds to a character ξσ of F× defined by ξσ(x) = ξ(σ(x))
for x ∈ F×. We have the following formula for the conductor a(ϕ) of ϕ (see VI.2 of [15]),
a(ϕ) = dim(ξ)d(F/K) + f(F/K)a(ξ), (10)
where dim(ξ) = 1, ξ being a character; d(F/K) is the discriminant of the field extension
F/K; f(F/K) is the residue class degree, and a(ξ) is the conductor of ξ, i.e., a(ξ) is the
smallest n ∈ N such that ξ|1+pnoF = 1. Hence, for residue characteristic of K odd, we have
a(ϕ) =
{
2a(ξ) if F/K is unramified
1 + a(ξ) if F/K is ramified.
(11)
The following is a very useful fact about the dihedral supercuspidal representations of
GL(2,K) with trivial central character. We will use this remark quite often in this article.
Remark 1.3.1. The central character of the dihedral supercuspidal representation ωF,ξ
of GL(2,K) is ξ|K× · χF/K , where χF/K is the quadratic character of K× associated to
the quadratic extension F/K such that χF/K
(
NF/K(F
×)
)
= 1. Here NF/K is the norm
map from F× to K×. If ωF,ξ has trivial central character, i.e., ξ|K× · χF/K = 1, then by
evaluating ξ at NF/K(y) for any y ∈ F×, we get ξσ = ξ−1 on F×.
For a character χ of K×, the smallest non-negative integer n such that χ|1+pnoK = 1
is called the conductor of χ and denoted by a(χ). Also, we denote the L-packet with the
local parameter ind
W (Qp/Qp)
W (Qp/F )
(ξ) ⊕ indW (Qp/Qp)
W (Qp/F )
(ξ3) as ωF,ξ3 ⊕ ωF,ξ, where F is a quadratic
extension of Qp. When p ≥ 3, using the local parameters in (6), (7), (8), and the sym3
map in (3), we describe of the conductor a(sym3(πp)) of sym
3(πp) in Table 1 for the local
representations πp of GL(2,Qp) with trivial central character.
Notice that we need an explicit description of πp attached to φ in order to calculate
a(sym3(πp)) which involves the conductor of characters like a(χ
3) and a(ξ3). So, the
global question of finding the paramodular level coming from the sym3 lifting leads to the
local question of determining the representation of GL(2,Qp) associated to a cusp form.
In principle the paper [6] contains an algorithm to determine the local representations
attached to a modular form. However, the local parameter of the output of the algorithm
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Table 1: Conductor of sym3(πp) for local representations πp of GL(2,Qp).
πp sym
3(πp) Cond. on πp a(πp) a(sym
3(πp))
χ× χ−1 χ4 × χ2 ⋊ χ−3 a(χ) + a(χ−1) 2a(χ−3) + a(χ) + a(χ−1)
χStGL(2,Qp) χ
3StGSp(4,Qp) χ is ram. 2a(χ) 4a(χ
3)
χ2 = 1 χ is unr. 1 3
ωF,ξ ωF,ξ3 ⊕ ωF,ξ F/Qp is unr. 2a(ξ) 2a(ξ3) + 2a(ξ)
F/Qp is ram. a(ξ) + 1 a(ξ
3) + a(ξ) + 2
is not always obvious. So, we consider a more specified problem, namely finding the level
of the paramodular forms coming from elliptic curves through the sym3 lifting. Now, we
need to find an exact description of the local representation πp of GL(2,Qp) from the given
elliptic curve E over Qp. We will discuss this in the next section.
2 Representations attached to elliptic curves over a local
field
In this section we explicitly describe the representations associated to elliptic curves over
a p-adic field. For elliptic curves with potentially multiplicative reduction, one can find
the associated representations for any p-adic field. If an elliptic curve has additive but
potentially good reduction over a local field with residual characteristic ≥ 5, the associated
representation is also known. The main focus of this section is to find the representations
attached to elliptic curves with additive but potentially good reduction over a local field
of residual characteristic 3.
2.1 Elliptic curves over local fields and their reduction types
Let K be a non-archimedean local field of characteristic zero with residual characteristic
p. Let oK be the ring of integers of K, and let p be the maximal ideal of oK . Let ̟K
be a uniformizer of K. Suppose that v : K → Z is the normalized valuation on K, and
k = oK/p is the residue field of K of order q. As before, let Φ ∈ Gal(K¯/K) be an inverse
Frobenius element, Kun be the maximal unramified extension of K inside K¯, and IK be
the inertia group. Let E be an elliptic curve over K given by a Weierstrass equation of the
form
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6 (12)
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with the coefficients in oK . The discriminant ∆, the j-invariant j(E), and the constants
c4, c6 are the usual constants attached to (12) given as follows:
b2 = a
2
1 + 4a2, b4 = 2a4 + a1a3,
b6 = a
2
3 + 4a6, b8 = a
2
1a6 + 4a2a6 − a1a3a4 + a2a23 − a24,
c4 = b
2
2 − 24b4, c6 = −b32 + 36b2b4 − 216b6,
∆ = −b22b8 − 8b34 − 27b26 + 9b2b4b6 =
c34 − c26
1728
,
j(E) =
c34
∆
.
(13)
Given the minimal Weierstrass equation of E/K, we have the following standard results:
E has good (stable) reduction ⇔ v(∆) = 0.
E has multiplicative (semistable) reduction ⇔ v(∆) > 0 and v(c4) = 0.
E has additive (unstable) reduction ⇔ v(∆) > 0 and v(c4) > 0.
E has potentially multiplicative reduction ⇔ j(E) 6∈ oK .
E has potentially good reduction ⇔ j(E) ∈ oK .
If we assume E/K has potentially multiplicative reduction, then c4 and c6 are non-zero
since j(E) 6∈ oK . Then we define the γ-invariant of E/K by
γ(E/K) = −c4
c6
∈ K×/K×2. (14)
This quantity is well defined and independent of the choice of the Weierstrass equation.
Let σE be the Weil-Deligne representation associated to E (see sections 13-15 in [12]),
which corresponds to an irreducible admissible representation πE of GL(2,K) by the local
Langlands correspondence. We want a description of the representation πE in terms of the
Weierstrass coefficients of E. When E has potentially multiplicative reduction, we have
the following result from [12].
Theorem 2.1.1. Let E/K be an elliptic curve with potentially multiplicative reduction,
i.e., j(E) 6∈ oK . Then the GL(2,K) representation πE associated to E is given by
πE = (γ(E/K), ·)StGL(2,K),
where (γ(E/K), ·) is the quadratic character of K× defined by the Hilbert symbol (·, ·).
Furthermore, we have one of the following cases:
• (γ(E/K), ·) is trivial if and only if E/K has split multiplicative reduction.
• (γ(E/K), ·) is non-trivial and unramified if and only if E/K has non-split multiplica-
tive reduction.
• (γ(E/K), ·) is ramified if and only if E/K has additive reduction.
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2.2 The residual characteristic ≥ 5 case
When E has additive but potentially good reduction and the residual characteristic of K
is greater than or equal to 5, the following results from [18] describe the representation πE .
Theorem 2.2.1. Let E/K be an elliptic curve with additive but potentially good reduction,
i.e., j(E) ∈ oK . Assume that (q − 1)v(∆) ≡ 0 (mod 12) and e = 12gcd(v(∆),12) . Then
the GL(2,K) representation πE associated to E is a principal series representation, i.e.,
πE = χ× χ−1, where χ is a character of K× satisfying the following properties:
(i) The conductor a(χ) of χ is 1, i.e., χ is trivial on 1 + poK ,
(ii) χ|Wq−1 is trivial on the index e-subgroup W eq−1, where Wq−1 is the group of (q− 1)th
root of unity,
(iii) The character of Wq−1/W eq−1 ∼= Z/eZ induced by χ has order e.
Furthermore, there is a unique such character when e = 2, and there are exactly two such
characters when e ∈ {3, 4, 6} which are inverses of each other.
Theorem 2.2.2. Let E/K be an elliptic curve with additive but potentially good reduction,
i.e., j(E) ∈ oK . Assume that (q − 1)v(∆) 6≡ 0 (mod 12) and e = 12gcd(v(∆),12) . Then the
corresponding GL(2,K) representation πE is a dihedral supercuspidal representation, i.e.,
πE = ωF,ξ, where F is the unramified quadratic extension of K and ξ is a character of F
×
satisfying the following properties:
(i) The conductor a(ξ) of ξ is 1, i.e., ξ is trivial on 1 + poF ,
(ii) ξ|
o
×
F
has order e,
(iii) ξ(̟F ) = −1. Here, ̟F is a uniformizer of F chosen to be in K.
Furthermore, there are exactly two such characters which are Galois conjugates of each
other for each e.
In the next subsection, we will prove two theorems analogous to Theorem 2.2.1 and
Theorem 2.2.2 for residual characteristic 3. For residual characteristic greater than 3, the
representation πE coming from E is given in terms of j(E) and v(∆). When the residual
characteristic of K is equal to 3, we describe the representation πE attached to E/K in
terms of v(c4), v(c6), v(∆), and some conditions on the underlying field K.
2.3 The residual characteristic 3 case
Assume that the residual characteristic of K is 3 and v(3) = 1. In Table 2, we define a
list of conditions on E in terms of the quantities v(c4), v(c6), and v(∆). There are also
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some conditions on the underlying field K in Table 2, called “reducibility condition”, that
determines whether the Galois representation attached to E is reducible or irreducible.
The exponent v(N) of the conductor N of the elliptic curve E appears on the last column
of Table 2. The list of conditions does not depend on v(N). In fact v(N) can be determine
in terms of the quantities v(c4), v(c6), and v(∆). For each condition in Table 2, we will
describe the GL(2,K) representation πE associated to E. The following lemma ensures
that this way we get all the possible GL(2,K) representations associated to an elliptic
curve E/K with additive but potentially good reduction.
Here we assume v(3) = 1 for simplicity of the conditions in Table 2. One can also
determine the GL(2,K) representations associated to elliptic curves over K when v(3) > 1,
the conditions in Table 2 will be more complicated in that case.
Lemma 2.3.1. Suppose that E is an elliptic curve over K given by a minimal Weierstrass
equation of the form (12) with the coefficients in oK . Let ∆ be the discriminant, and c4, c6
be the usual constants attached to the equation (12) as defined in (13). Then the following
statements are equivalent:
(i) E has additive but potentially good reduction.
(ii) E satisfies one and only one of the conditions in Table 2.
Proof. The Kodaira-Ne´ron type of E/K is one of the types described in Theorem 8.2 of
[17], and it can be determined in terms of the coefficients of (12) using the Tate’s algorithm.
Now, the proof follows from the following equivalent steps:
E has additive but potentially good reduction.
⇔ The j-invariant j(E) is integral, i.e., v (j(E)) ≥ 0. (See Proposition 5.5 in [16].)
⇔ 3v (c4) ≥ v(∆). (By definition of j(E) as in (13).)
⇔ The possible Kodaira-Ne´ron types of E are I∗0, II, II∗, III, III∗, IV, IV∗. (Table II in [7].)
⇔ E satisfies one and only one of the conditions in Table 2. (By Table II in [7].)
Assume that E/K has additive but potential good reduction, i.e., E satisfies one of
the conditions in Table 2. Let L/Kun be the smallest extension such that E/L has good
reduction. By the corollary after Lemme 3 of [5], we have
L = Kun(E[2],∆
1
4 ), (15)
where Kun(E[2]) is the splitting field of the polynomial on the right hand side of (12).
Let σE be the Weil-Deligne representation associated to E/K, which corresponds to an
irreducible admissible representation πE of GL(2,K) by the local Langlands correspon-
dence. Now the kernel of σE : W (K¯/K) → GL(2,C) is Gal(K¯/L) (see section 2 of [11]).
So, σE : W (L/K) ∼= W (K¯/K)/Gal(K¯/L) → GL(2,C) is a faithful representation. Let
Λ = Gal(L/Kun). Then, we have
IK/Gal(K¯/L) ∼= Λ and W (L/K) = Λ⋊ 〈Φ〉 , (16)
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Table 2: Table of conditions in terms of the quantities v(∆), v(c4), and v(c6).
Name Reducibility v(∆) v(c4) v(c6) Additional condition Ne´ron v(N)
of cond. condition on c4, c6 type
P2 6 2 3 I
∗
0 2
3 ≥ 6
P4 −1 ∈ k×2 3 ≥ 2 3 (c6/33)2 + 2 ≡ c4/3 mod 9 III 2
2 ≥ 5
9 ≥ 4 6 (c6/36)2 + 2 ≡ c4/33 mod 9 III∗
4 ≥ 8
S4 −1 6∈ k×2 3 ≥ 2 3 (c6/33)2 + 2 ≡ c4/3 mod 9 III 2
2 ≥ 5
9 ≥ 4 6 (c6/36)2 + 2 ≡ c4/33 mod 9 III∗
4 ≥ 8
P3 ∆ ∈ K×2 4 2 3 II 4
12 5 8 II∗
S3 ∆ 6∈ K×2 4 2 3 II 4
12 5 8 II∗
P6 ∆ ∈ K×2 6 3 5 IV 4
10 4 6 IV∗
S6 ∆ 6∈ K×2 6 3 5 IV 4
10 4 6 IV∗
S
′
6 ∆ 6∈ K×2 3 ≥ 2 3 (c6/33)2 + 2 6≡ c4/3 mod 9 II 3
2 4
5 2 3 IV
9 ≥ 4 6 (c6/36)2 + 2 6≡ c4/33 mod 9 IV∗
4 7
11 4 6 II∗
S
′′
6 ∆ 6∈ K×2 5 ≥ 3 4 II 5
7 ≥ 4 5 IV
11 ≥ 5 7 IV∗
13 ≥ 6 8 II∗
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and
σE(IK) = σE(IK/Gal(K¯/L)) = σE(Λ) ∼= Λ. (17)
Remark 2.3.2. Since σE is faithful representation of W (L/K), using (16) and (17) we
conclude that the order of σE |IK is |Λ|.
Also, we will use the following remark in the proofs of the main theorems of this section.
Remark 2.3.3. A faithful two-dimensional semisimple complex representation of a group
is reducible if and only if the group is abelian. So, the Weil-Deligne representation σE
associated to the given elliptic curve E/K is reducible if and only if W (L/K) is abelian,
i.e., the image of σE is abelian (also see Proposition 2 in [11]).
2.4 Principal series representations in residual characteristic 3
We continue to assume that the residual characteristic of K is 3 and v(3)=1. The following
theorem describes all possible principal series representations of GL(2,K) coming from
elliptic curves over K with additive but potentially good reduction.
Theorem 2.4.1. Let E/K be an elliptic curve given by a minimal Weierstrass equation
of the form (12) with the coefficients in oK . Assume that E satisfies one of the conditions
in {P2,P4,P3,P6} as defined in Table 2. Then the corresponding GL(2,K) representation
πE is a principal series representation, i.e., πE = χ× χ−1, where χ is a character of K×
satisfying the following properties:
(i) If E satisfies the condition Pm, then χ|o×K has order m. Here, m ∈ {2, 3, 4, 6}.
(ii) The conductor a(χ) of χ is given by
a(χ) =
{
1 if E satisfies P2 or P4,
2 if E satisfies P3 or P6.
Furthermore, there is a unique such character on o×K when E satisfies P2, and there are
exactly two such characters on o×K when E satisfies P4, which are inverses of each other.
Here, we consider the following diagram.
K¯
IK L
Λ
Kun
〈Φ〉
K
Q3
(18)
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The following lemma is very useful for Theorem 2.4.1, which can easily be seen from the
explicit form (6) of σE and Remark 2.3.2.
Lemma 2.4.2. Assume that σE ∼= χ⊕χ−1, where χ is a character of W (L/K). Then χ|Λ
has order |Λ|, i.e., n = |Λ| is the smallest integer n such that χn = 1 on Λ.
Proof of Theorem 2.4.1. Suppose that E satisfies the condition Pm for m ∈ {2, 3, 4, 6}.
By The´ore`me 1 of [5] (also see Theorem 3.1 of [4]), we have Λ ∼= Z/mZ. Now, Proposi-
tion 3.2 of [4] implies thatW (L/K) is abelian, i.e., the image of σE is abelian. Then, using
Remark 2.3.3 (also see Proposition 3.3 of [4]), we get σE ∼= χ⊕χ−1, where χ is a character
of W (L/K). By the local Langlands correspondence, the corresponding GL(2,K) repre-
sentation πE is the principal series representation χ × χ−1, where χ is the corresponding
character of K×. Using Lemma 2.4.2 and the Artin isomorphism we see that χ|
o
×
K
has
order m. From Table 2, a(πE) = v(N) = 2 when E satisfies either P2 or P4, which implies
a(χ) = 1. In this case, we get an induced character χ : o×K/(1 + poK) ∼= k× → C×. Note
that k× is a cyclic group of order 3n − 1, where K has degree n over Q3.
When E satisfies the condition P2, the induced character χ : k
× → C× has order 2 and
2 | 3n − 1. There is only one element of order 2 in k×. So, the induced character is the
unique such character of order 2.
When E satisfies the condition P4, the induced character χ : k
× → C× has order 4.
Since −1 ∈ k×2, the quadratic extension Q3(i) of Q3 is contained in K. Then 2 | n and
4 | 3n− 1. Now, there are exactly ϕ(4) = 2 elements of order 4 in k×. So, there are exactly
two such characters χ on o×K , which are inverses of each other.
Similarly, when E satisfies P3 or P6, it is easy to check that a(χ) = 2. Hence, we proved
all the cases of Theorem 2.4.1.
The following result is a special but more precise version of Theorem 2.4.1 for K = Q3.
Since −1 6∈ Q×23 , an elliptic curve over Q3 never satisfies P4.
Corollary 2.4.3. Let E be an elliptic curve over Q3 given by a minimal Weierstrass
equation of the form (12) with the coefficients in Z3. Assume that E satisfies one of
the conditions in {P2,P3,P6} as defined in Table 2. Then the corresponding GL(2,Q3)
representation is a principal series representation, i.e., πE = χ×χ−1, where χ is a character
Q×3 satisfying the following properties:
(i) If E satisfies the condition Pm, then χ|Z×
3
has order m with m ∈ {2, 3, 6}.
(ii) The conductor a(χ) of χ is given by
a(χ) =
{
1 if E satisfies P2,
2 if E satisfies P3 or P6.
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(iii) Furthermore, there is a unique such character on Z×3 when E satisfies P2, and there
are exactly two such characters on Z×3 when E satisfies P3 or P6, which are inverses
of each other.
Proof. Since this corollary is a special case of Theorem 2.4.1 for K = Q3, most statements
follow from Theorem 2.4.1 except for the property (iii) when E satisfies P3 or P6.
Note that when E satisfies P3 or P6, we have a(χ) = 2. So, the character χ|Z×
3
induces
a character on Z3/(1+ 3
2Z3) ∼= (Z/9Z)×. Since (Z/9Z)× is a cyclic group of order 6, there
are exactly ϕ(3) = 2 elements of order 3 (resp. order 6) in (Z/9Z)×. This concludes the
property (iii) of the corollary when E satisfies P3 or P6.
2.5 Supercuspidal representations in residual characteristic 3
We continue to assume that the residual characteristic of K is 3 and v(3)=1. First, we
state some facts that we use to prove Theorem 2.5.3. Let G be a group, and H an index-2
subgroup. All representations of these groups are assumed to be finite-dimensional and
complex. Let σ ∈ G \ H, so that G = H ∪ σH. If ξ is a representation of H, then the
conjugate representation ξσ is defined by ξσ(h) = ξ(σhσ−1). We denote the restriction
functor by resGH and the induction functor by ind
G
H . Then the following lemma is well
known.
Lemma 2.5.1. Let G be a group, and H be an index-2 subgroup of G. Let χ be the unique
non-trivial character of G/H and ϕ be an irreducible representation of G. Then exactly
one of the following statements holds-
i) ϕ 6∼= ϕ⊗ χ and resGHϕ is irreducible. In that case, indGH(resGH(ϕ)) = ϕ⊕ (ϕ⊗ χ).
ii) ϕ ∼= ϕ⊗χ and resGHϕ = ξ⊕ξσ, where ξ is a representation of H. In that case, ξ 6∼= ξσ,
and ϕ = indGH(ξ) = ind
G
H(ξ
σ).
The above lemma is useful when the Galois representation σE attached to E is irreducible.
Also, we use the following remark for Theorem 2.5.3.
Remark 2.5.2. Let F be a quadratic extension of K. Assume that σE = ind
W (L/K)
W (L/F ) (ξ),
where ξ is a character of W (L/F ). Since σE is a faithful representation of W (L/K), using
a similar argument as in Remark 2.3.2, the order of σE |Gal(L/F un) is |Gal(L/F un)|. Then
one can show that ξ|Gal(L/F un) also has order |Gal(L/F un)| by looking at the explicit form
of σE as in (8). Note that, when F/K is unramified, Gal(L/F
un) = Gal(L/Kun) = Λ.
The following theorem describes all the dihedral supercuspidal representations of GL(2,K)
associated to elliptic curves over K with additive but potentially good reduction.
Theorem 2.5.3. Let E/K be an elliptic curve given by a minimal Weierstrass equation of
the form (12) with the coefficients in oK . Assume that E satisfies one of the conditions in
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{S4,S3,S6,S′6,S
′′
6} as defined in Table 2. Then the associated GL(2,K) representation πE
is a dihedral supercuspidal representation, i.e., πE = ωF,ξ, where F is a quadratic extension
of K and ξ is a character of F× satisfying the following properties:
(i)
F =


K(i) is the unramified extension of K if E satisfies S4,
K(
√
∆) is the unramified extension of K if E satisfies S3 or S6,
K(
√
∆) is a ramfied extension of K if E satisfies S
′
6 or S
′′
6 .
(ii) The conductor a(ξ) of ξ is given by
a(ξ) =


1 if E satisfies S4,
2 if E satisfies a condition in
{
S3,S6,S
′
6
}
,
4 if E satisfies S
′′
6 .
(iii) If E satisfies the condition Sm for m ∈ {3, 4, 6}, then ξ|o×F has order m. If E satisfies
the condition S
′
6 or S
′′
6 , then ξ|o×F has order 6.
(iv) ξ(̟F ) = −1 when E satisfies one of the conditions in {S4,S3,S6}. Here, ̟F is a
uniformizer of F chosen to be in K.
(v) In all cases, we have ξσ = ξ−1 on F×.
Furthermore, when E satisfies S4, there are exactly two such characters on o
×
F and they
are Galois conjugates of each other.
Here, we need to consider the following two different diagrams depending on F being the
unramified or a ramified quadratic extension of K.
K¯ = F¯
IK=IF L
Λ
Kun = F un
〈Φ〉
〈Φ2〉
F
〈σ〉
K
K¯ = F¯
IF L
ΛF un
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
Kun
〈Φ〉
F
K
(19)
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Proof of Theorem 2.5.3. We distinguish two cases.
Case 1: Suppose that E satisfies the condition Sm for some m ∈ {4, 3, 6}. Then by
The´ore`me 1 of [5] (also see Theorem 3.1 of [4]), we have Λ ∼= Z/mZ. Here we give a
detailed proof for the condition S4 and we omit the details for the other two conditions
since they are similar. For this case we consider the diagram on the left of (19).
If E satisfies the condition S4, then −1 6∈ k×2. By Hensel’s lemma −1 ∈ o×K \ o×2K . So,
the field F = K(i) is the unique unramified extension of K of degree 2. Now, W (L/K) =
Z/4Z⋊ 〈Φ〉 and Φ2 acts trivially on Z/4Z (since the non-trivial action of Φ on Z/4Z sends
1 7→ 3, 3 7→ 1, and fixes 0, 2). So, we get W (L/F ) = Z/4Z × 〈Φ2〉. Note that σE is a
two dimensional faithful representation of W (L/K). Since −1 6∈ k×2, by Proposition 3.2
of [4], W (L/K) is not abelian. Then, by Remark 2.3.3 (also see Proposition 3.3 of [4]),
σE is an irreducible representation. Now, since W (L/F ) is abelian, by Remark 2.3.3 and
Lemma 2.5.1, res
W (L/K)
W (L/F ) (σE) = ξ ⊕ ξσ for some character ξ of W (L/F ) with ξ 6= ξσ and
σE = ind
W (L/K)
W (L/F ) (ξ). Here σ is the non-trivial element in W (L/K) \W (L/F ). Hence, by
the local Langlands correspondence, πE = ωF,ξ, where ξ is the corresponding character of
F× via the Artin isomorphism.
The assertion (ii) is immediate from (11). The property (iii) follows from Remark 2.5.2
and the Artin isomorphism, i.e., ξ|
o
×
F
has order |Λ| = |Z/4Z| = 4. For (iv), note that the
representation πE has trivial central character. By Remark 1.3.1, we have
1 = ξ|K×(̟K).χF/K(̟K) = ξ(̟K) · (−1) (since χF/K(̟K) = −1).
Since F is the unramified extension over K, we may assume ̟K = ̟F . Hence, ξ(̟F ) =
−1. The statement (v) is immediate from Remark 1.3.1.
When E satisfies S4, we have a uniqueness result. Since a(ξ) = 1, we get the induced
character ξ : o×F /(1 + poF ) → C× of order 4. Note that o×F /(1 + poF ) is a cyclic group of
order 32n − 1, where K has degree n over Q3, and 4 | 32n − 1. Now, there are exactly 2
elements of order 4 in o×F /(1 + poF ) which are inverses of each other. Since ξ
σ = ξ−1 and
ξσ 6= ξ, there are exactly two such characters in this case, which are Galois conjugates of
each other.
Case 2: Suppose that E satisfies either the condition S
′
6 or S
′′
6 . Then by The´ore`me 1 of
[5] (also see Theorem 3.1 of [4]), we have Λ ∼= Z/3Z ⋊ Z/4Z. We will give a proof for the
condition S
′
6; the other case is similar. For this case we consider the diagram on the right
of (19). If E satisfies the condition S
′
6, then ∆ 6∈ K×2 and v(∆) is odd. So, ∆ = ̟2l+1 · u
for some u ∈ o×K , and
K(
√
∆) =
{
K(
√
̟) if u ∈ o×2K ,
K(
√
̟u) if u 6∈ o×2K .
In either case, K(
√
∆) is a ramified extension of K of degree 2. By Proposition 3.2 of
[4], W (L/K(
√
∆)) is abelian since ∆ ∈ K(√∆)×. Let F = K(√∆). Since F un is the
compositum of F and Kun, we get Gal(Kun/K) ∼= Gal(F un/F ) = 〈Φ〉. Here we consider
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an inverse Frobenius Φ ∈ Gal(F un/F ) as an image of an inverse Frobenius of Gal(K¯/K)
inside Gal(F un/F ). Now, Gal(L/F un) ∼= Z/6Z is the unique subgroup of order 6 in Λ.
Hence, we get W (L/F ) = Z/6Z × 〈Φ〉. Then, using a similar argument as in case 1 we
get πE = ωF,ξ, where the field F is a ramified quadratic extension of K and ξ is the
corresponding character of F×. Also, one can easily prove the properties (ii), (iii), and (v)
using similar arguments as in case 1.
The following result is a special but more precise version of Theorem 2.5.3 for K = Q3:
Corollary 2.5.4. Let E be an elliptic curve over Q3 given by a minimal Weierstrass
equation of the form (12) with the coefficients in Z3. Assume that E satisfies one of the
conditions in {S4,S3,S6,S′6,S
′′
6} as defined in Table 2. Then the corresponding GL(2,Q3)
representation πE is a supercuspidal representation, i.e., πE = ωF,ξ, where F is a quadratic
extension of Q3 and ξ is a character of F
× with the following properties:
(i)
F =


Q3(i) is the unramified extension of Q3 if E satisfies S4,
Q3(
√
∆) is the unramified extension of Q3 if E satisfies S3 or S6,
Q3(
√
∆) is a ramified extension of Q3 if E satisfies S
′
6 or S
′′
6 .
(ii) The conductor a(ξ) of ξ is given by
a(ξ) =


1 if E satisfies S4,
2 if E satisfies a condition in
{
S3,S6,S
′
6
}
,
4 if E satisfies S
′′
6 .
(iii) If E satisfies the condition Sm for m ∈ {3, 4, 6}, then ξ|o×F has order m. If E satisfies
the condition S
′
6 or S
′′
6 , then ξ|o×F has order 6.
(iv) For all cases we have ξσ = ξ−1 on F×.
(v) Furthermore, when E satisfies one of the conditions in {S4,S3,S6,S′6}, there are
exactly two such characters on o×F which are Galois conjugates of each other. When
E satisfies S
′′
6 , there are exactly six such characters on o
×
F .
Proof. All the properties of this corollary follow from Theorem 2.5.3 except for the property
(v) when E satisfies one of the conditions in {S3,S6,S′6,S
′′
6}. We will use the following two
lemmas to show the property (v). We omit the elementary proofs of the lemmas.
Lemma 2.5.5. Let G be a group and H be a subgroup of G with order k. Let C be a cyclic
group of order n such that we have the following exact sequence:
1→ H → G→ C → 1.
If gcd (k, n) = 1, then the above exact sequence splits.
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Lemma 2.5.6. Let F be a non-archimedean local field of characteristic 0. Then the fol-
lowing exact sequence
1→ (1 + poF )/(1 + p2oF ) ∼= oF /poF α−→ o×F /(1 + p2oF )
β−→ o×F /(1 + poF )→ 1
splits, i.e., o×F /(1 + p
2oF ) ∼= (1 + poF )/(1 + p2oF )× o×F /(1 + poF ).
Now, we will prove the property (v) of Corollary 2.5.4 in three cases.
Case 1: Assume that E satisfies S3 or S6. Then F = Q3(
√
∆) is the unramified quadratic
extension of Q3. Also, a(ξ) = 2 and the order of ξ|o×F is 3 or 6.
Now, (1 + poF )/(1 + p
2oF ) ∼= oF /poF has order 32. Since characteristic of F is 3, we
get 3x = 0 for all x ∈ oF /poF . Then (1 + poF )/(1 + p2oF ) ∼= oF /poF ∼= (Z/3Z)2. Also,
o
×
F /(1 + poF ) is the cyclic group of order 8. Using Lemma 2.5.6, we get
o
×
F /(1 + p
2
oF ) ∼= (Z/3Z)2 × Z/8Z. (20)
Since a(ξ) = 2, we get an induced character ξ : o×F /(1 + p
2oF ) −→ C×. Again, using
Lemma 2.5.6, o×K/(1 + p
2oK) ∼= Z/3Z × Z/2Z. Now, o×K/(1 + p2oK) →֒ o×F /(1 + p2oF )
(because o×K ∩ (1 + p2oF ) = (1+ p2oK)). Since χF/K is the unramified quadratic character
of K×, using Remark 1.3.1, ξ|
o
×
K/(1+p
2oK)
= 1. Then, we get the induced character
ξ :
(
o
×
F /(1 + p
2
oF )
)
/
(
o
×
K/(1 + p
2
oK)
) ∼= Z/12Z −→ C× (21)
of order 3 or 6 when E satisfies S3 or S6 respectively. Now, Z/12Z has exactly 2 elements
of order 3 (resp. order 6), which are inverses of each other. So, using Remark 1.3.1, we
conclude that there are exactly two such characters of order 3 (resp. order 6) on o×F when
E satisfies S3 (resp. S6), and they are Galois conjugates of each other.
Case 2: Assume that E satisfies S
′
6. Then F = Q3(
√
∆) is a ramified quadratic extension
of Q3, the order of ξ|o×F is 6, and a(ξ) = 2. Now, we have
oF /poF ∼= Z3/3Z3 ∼= Z/3Z and o×F /(1 + poF ) ∼= (Z3/3Z3)× ∼= Z/2Z. (22)
So, by Lemma 2.5.6, o×F /(1 + p
2oF ) ∼= Z/3Z × Z/2Z ∼= Z/6Z. Since a(ξ) = 2, we get the
induced character
ξ : o×F /(1 + p
2
oF ) ∼= Z/6Z −→ C× (23)
of order 6. There are exactly two elements of order 6 in Z/6Z, which are inverses of each
other. Hence, using Remark 1.3.1, there are exactly two such characters of order 6 on o×F
when E satisfies S
′
6, and they are Galois conjugates of each other.
Case 3: Assume that E satisfies S
′′
6 . Then F = Q3(
√
∆) is a ramified quadratic extension
of Q3, the order of ξ|o×F is 6, and a(ξ) = 4. So, we get the induced character
ξ : o×F /(1 + p
4
oF ) −→ C×.
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Using Lemma 2.5.5, one can show that the following exact sequence
1→ (1 + poF )/(1 + p4oF )→ o×F /(1 + p4oF )→ o×F /(1 + poF )→ 1
splits, i.e.,
o
×
F /(1 + p
4
oF ) ∼= o×F /(1 + poF )× (1 + poF )/(1 + p4oF ). (24)
The following lemma gives the structure of the group (1 + poF )/(1 + p
4oF ).
Lemma 2.5.7. Suppose that E/Q3 satisfies S
′′
6 . Then the representation πE of GL(2,Q3)
associated to E/Q3 is πE = ωF,ξ with F = Q3(
√−3). Moreover,
(1 + poF )/(1 + p
4
oF ) ∼= (Z/3Z)3. (25)
Proof. When E satisfies S
′′
6 , we have πE = ωF,ξ with F = Q3(
√
∆). To see that F =
Q3(
√−3), we need to consider all possible values of (v3(∆), v3(c4), v3(c6)) in Table 2 when
E satisfies S
′′
6 , and use the relation ∆ =
c3
4
−c2
6
1728 . One can easily check that
3−v3(∆)∆ ≡ −1 (mod 3)
when E satisfies S
′′
6 . Hence, F = Q3(
√
∆) ∼= Q3(
√−3). Now, by counting the number of
elements of order 3 in (1 + poF )/(1 + p
4oF ), one can show that (1 + poF )/(1 + p
4oF ) ∼=
(Z/3Z)3.
Since o×F /(1 + poF ) ∼= Z/2Z, using (24) and Lemma 2.5.7, we get o×F /(1 + p4oF ) ∼= Z/2Z×
(Z/3Z)3. Now, (1 + poK)/(1 + p
2oK) →֒ (1 + poF )/(1 + p4oF ) since poK ∩ p4oF = p2oK .
By corollary 3 of §V3 in [15], 1 + poK = NF/K(1 + p2oF ). Since ξσ = ξ−1 on F×, we get
ξ(1 + poK) = ξ
(
NF/K(1 + p
2oF )
)
= 1. So, ξ|(1+poK )/(1+p2oK) = 1, where (1 + poK)/(1 +
p2oK) ∼= Z/3Z. Then we get the following induced character of order 6:
ξ :
(
o
×
F /(1 + p
4
oF )
)
/
(
(1 + poK)/(1 + p
2
oK)
) ∼= Z/2Z× (Z/3Z)2 −→ C×.
Also, ξ is nontrivial on (1 + p3oF )/(1 + p
4oF ) since a(ξ) = 4. So, there are exactly 6
characters ξ such that a(ξ) = 4, the order of ξ|
o
×
F
is 6, and ξσ = ξ−1 on F×. This
completes the proof of the property (v) of Corollary 2.5.4.
3 Paramodular forms associated to elliptic curves via the
sym3 lifting
In this section, we will find an explicit formula for the level of the paramodular forms
obtained by the sym3 lifting from non-CM elliptic curves over Q. Let E be a non-CM
elliptic curve over Q. Note that E/Q has the global minimal Weierstrass equation of
the form (12) with the coefficients in Z. The discriminant ∆, the j-invariant j(E), and
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the quantities c4, c6 are the usual constants given by (13). We can consider the same
elliptic curve E over Qp for each prime p. There is a cuspidal automorphic representation
π = ⊗pπp of GL(2,AQ) associated to E/Q such that πp is the local representation of
GL(2,Qp) attached to E/Qp. Here we have the following diagram:
E/Qp E/Q of cond. N f ∈ S3(K(M ))
πp π =
⊗
p
πp on GL(2,AQ) sym
3(π) =
⊗
p
sym3(πp) on GSp(4,AQ)
sym3
Then using similar arguments as in Corollary 1.2.1, E/Q lifts to a paramodular newform
f of level M = a(sym3(π)) =
∏
p a(sym
3(πp)). Our goal is to find M in terms of the
Weierstrass coefficients of the given elliptic curve E/Q.
3.1 The sym3 lift of the local representations attached to elliptic curves
Before discussing the global results on the sym3 lifting of E/Q, we will look at the sym3
lifting of the local representation πp of GL(2,Qp) attached to E/Qp. We have briefly
discussed the local sym3 lifting in Section 1.3. In this section, we specifically study the L-
packet sym3(πp) for a local representation πp attached to an elliptic curve E/Qp in detail.
Even though we describe the results in this section for Qp, the same results hold for any
non-achimedean local field K of characteristic 0. First, we will compute a(sym3(πp)) in
Tables 3, 4 and 5. Let vp be the p-adic valuation on Qp.
Theorem 3.1.1. Let p be any prime and E be an elliptic curve over Qp given by a minimal
Weierstrass equation of the form (12) with coefficients in Zp. Let πp be the irreducible,
admissible representation of GL(2,Qp) attached E.
(i) If E has potentially multiplicative reduction, then a(sym3(πp)) is given in Table 3.
(ii) If E has additive but potentially good reduction and p ≥ 5, then a(sym3(πp)) is given
in Table 4.
(iii) If E has additive but potentially good reduction Q3, then a(sym
3(πp)) is given in
Table 5.
Proof. (i) Assume that E has potentially multiplicative reduction, i.e, j(E) 6∈ Zp. By The-
orem 2.1.1, the representation πp of GL(2,Qp) attached to E is πp = (γ(E/Qp), ·)StGL(2,Qp).
Using the sym3 map in (3) and the local parameter of πp in (7) we get
sym3(πp) = (γ(E/Qp), ·)StGSp(4,Qp),
and the conductor a(sym3(πp)) of sym
3(πp) is given by
a(sym3(πp)) =
{
4a((γ(E/Qp), ·)) if (γ(E/Qp), ·) is ramified,
3 if (γ(E/Qp), ·) is unramified.
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When (γ(E/Qp), ·) is ramified, it is well known that
a ((γ(E/Qp), ·)) =
{
1 for p ≥ 3,
2 or 3 for p = 2.
Hence, we obtain the column of a(sym3(πp)) in Table 3.
(ii) Let e = 12gcd(12,vp(∆)) . Assume that E has additive but potentially good reduction, i.e,
j(E) ∈ Zp. Then we consider the following two cases.
Case 1: Suppose that (q − 1)vp(∆) ≡ 0 (mod 12). By Theorem 2.2.1, the corresponding
GL(2,Qp) representation πp is of the form πp = χ×χ−1. Then, using the sym3 map in (3)
and the local parameter of πp in (6), we get sym
3(πp) = χ
4 × χ2 ⋊ χ−3 and the conductor
a(sym3(πp)) of sym
3(πp) is given by
a(sym3(πp)) = 2a(χ
3) + 2a(χ). (26)
By Theorem 2.2.1, in this case a(χ) = 1. Using the fact that χe is unramified, one verifies
easily that (26) simplifies to the values given in Table 4.
Case 2: Suppose that (q − 1)vp(∆) 6≡ 0 (mod 12). By Theorem 2.2.2, the corresponding
GL(2,Qp) representation πp is of the form πp = ωF,ξ, where F is the unramified quadratic
extension of Qp and ξ is a character of F
×. Then, using the sym3 map in (3), the local
parameter of πp as in (8), and Remark 1.3.1, the local parameter of sym
3(πp) is
ind
W (Qp/Qp)
W (Qp/F )
(ξ3)⊕ indW (Qp/Qp)
W (Qp/F )
(ξ). (27)
Then, using (11) we get
a(sym3(πp)) = 2a(ξ
3) + 2a(ξ). (28)
Also, in this case, a(ξ) = 1 by Theorem 2.2.2. Using the fact that ξe is unramified, one
verifies easily that (28) simplifies to the values given in Table 4.
(iii) The proof of this part is similar to part (ii), so we will skip the details. Here also we
consider two different cases.
Case 1: By Corollary 2.4.3, when E satisfies one of the conditions in {P2,P3,P6}, the
GL(2,Q3) representation π3 is of the form π3 = χ×χ−1. Then, using similar arguments as
in case 1 of part (ii), we get a(sym3(π3)) = 4 when E satisfies P2 or P3, and a(sym
3(π3)) = 6
when E satisfies the condition P6.
Case 2: By Corollary 2.5.4, when E satisfies one of the conditions in {S4,S3,S6,S′6,S
′′
6},
the corresponding GL(2,Q3) representation π3 is of the form π3 = ωF,ξ. Then, using the
explicit description of F and ξ from Corollary 2.5.4 and applying similar reasoning as in
case 2 of part (ii), we obtain the column of a(sym3(π3)) in Table 5.
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Table 3: Conductor of sym3(πp) when E/Qp has potentially multiplicative reduction. Here
γ = γ(E/Qp) is the γ-invariant of E/Qp and (γ, ·) is the Hilbert symbol.
Condition πp sym
3(πp) Cond. Prime a(πp) a(sym
3(πp))
on E/Qp on πp p
j(E) 6∈ Zp (γ, ·)StGL(2) (γ, ·)StGSp(4) (γ, ·)
is ram.
≥ 3 2 4
2 4 8
6 12
(γ, ·)
is urm.
1 3
Table 4: Conductor of sym3(πp) with p ≥ 5 when E/Qp has additive but potentially good
reduction. Here we denote ind
W (Qp/Qp)
W (Qp/F )
(ξ) as ind
Qp
F ξ.
Condition πp Local parameter Cond. a(πp) a(sym
3(πp))
on E/Qp of sym
3(πp) on πp
j(E) ∈ Zp
(p−1)vp(∆)≡0 mod 12
χ× χ−1
a(χ) = 1
χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 χ|2
Z×p
= 1 2 4
χ|3
Z×p
= 1 2 2
χ|4
Z×p
= 1 2 4
χ|6
Z×p
= 1 2 4
j(E) ∈ Zp
(p−1)vp(∆)6≡0 mod 12
π = ωF,ξ
F/Qp is unr.
a(ξ)=1
ξ(̟F )=1
ind
Qp
F ξ ⊕ ind
Qp
F ξ
3 ξ|3
o
×
F
= 1 2 2
ξ|4
o
×
F
= 1 2 4
ξ|6
o
×
F
= 1 2 4
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Table 5: Conductor of sym3(π3) when E/Q3 has additive but potentially good reduction.
Here we denote ind
W (Q3/Q3)
W (Q3/F )
(ξ) as indQ3F ξ.
Cond. GL(2,Q3) Local Cond. a(π3) a(sym
3(π3))
from rep. parameter on
Table 2 π3 of sym
3(π3) π3
P2 χ× χ−1 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 a(χ) = 1 2 4
χ|2
Z×
3
= 1
P3 χ× χ−1 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 a(χ) = 2 4 4
χ|3
Z×
3
= 1
P6 χ× χ−1 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 a(χ) = 2 4 6
χ|6
Z×
3
= 1
P4 χ× χ−1 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 a(χ) = 1 2 4
χ|4
Z×
3
= 1
S4 ωF,ξ ind
Q3
F ξ ⊕ indQ3F ξ3 a(ξ) = 1 2 4
F=Q3(i) ξ(̟F ) = −1
(unramified) ξ|4
o
×
F
= 1
S3 π = ωF,ξ ind
Q3
F ξ ⊕ indQ3F ξ3 a(ξ) = 2 4 4
F=Q3(
√
∆) ξ(̟F ) = −1
(unramified) ξ|3
o
×
F
= 1
S6 π = ωF,ξ ind
Q3
F ξ ⊕ indQ3F ξ3 a(ξ) = 2 4 6
F=Q3(
√
∆) ξ(̟F ) = −1
(unramified) ξ|6
o
×
F
= 1
S
′
6 π = ωF,ξ ind
Q3
F ξ ⊕ indQ3F ξ3 a(ξ) = 2 3 5
F=Q3(
√
∆) ξ|6
o
×
F
= 1
(ramified)
S
′′
6 π = ωF,ξ ind
Q3
F ξ ⊕ indQ3F ξ3 a(ξ) = 4 5 7
F=Q3(
√
∆) ξ|6
o
×
F
= 1
(ramified)
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Other data of the L-packet sym3(πp):
Now, we will describe the representation type, the ε-factor, and the spin L-factor of the L-
packet sym3(πp) in Table 6 and Table 7. It is easy to find the local parameter of sym
3(πp)
using the local parameter of πp as in (6), (7), (8), and the sym
3 map in (3). Then, one can
determine the representation type of sym3(πp) using its local parameter and Table A.7.
of [10]. Here we will discuss the non-trivial case when πp is a dihedral supercuspidal
representation, i.e., πp = ωF,ξ. Note that ind
W (Qp/Qp)
W (Qp/F )
(ξ) in (27) is always irreducible. So,
we need to check whether ind
W (Qp/Qp)
W (Qp/F )
(ξ3) is reducible or irreducible. We have the following
three cases:
(1) ind
W (Qp/Qp)
W (Qp/F )
(ξ3) is irreducible and isomorphic to ind
W (Qp/Qp)
W (Qp/F )
(ξ). This happens if and
only if ξ3 = ξσ on F×, i.e., ξ4 = 1.
(2) ind
W (Qp/Qp)
W (Qp/F )
(ξ3) is reducible. This happens if and only if ξ3 = (ξ3)σ on F×, i.e.,
ξ6 = 1.
(3) ind
W (Qp/Qp)
W (Qp/F )
(ξ3) is irreducible and not isomorphic to ind
W (Qp/Qp)
W (Qp/F )
(ξ). This happens
if and only if ξ3 6= ξσ and ξ3 6= (ξ3)σ on F×, i.e., ξ4 6= 1 and ξ6 6= 1.
Then, using the description of ξ in Tables 6 and 7, and Table A.7. of [10], one can easily
check that sym3(ωF,ξ) is of type VIII for case (1), type X for case (2), and it is supercuspidal
for case (3).
We can also find the spin L-factor L(s, sym3(πp)) of degree 4 using the local parameter
of sym3(πp). In most cases, L(s, sym
3(πp)) = 1. If E/Qp has potentially good reduction
at p ≥ 3, then L(s, sym3(πp)) is nontrivial precisely when vp(∆) ≡ 0 mod 4. We omit the
column for L(s, sym3(π3)) in Table 7 since it is similar to Table 6.
Also, one can easily look up ε
(
1
2 , sym
3(πp)
)
for πp = χ× χ−1 and (γ(E/Qp), ·)StGL(2)
using Table A.9. in [10]. (The additive character implicit in ε
(
1
2 , sym
3(πp)
)
is understood
to have conductor exponent 0.) Finding the ε-factor ε
(
1
2 , sym
3(πp)
)
for a dihedral super-
cuspidal representation πp = ωF,ξ requires more work. In this case, we have
ε
(
1
2
, sym3(ωF,ξ)
)
= ε
(
1
2
, ωF,ξ3 , ψ
)
ε
(
1
2
, ωF,ξ, ψ
)
= ε
(
1
2
, χF/Qp , ψ
)2
ε
(
1
2
, ξ3, ψ ◦ tr
)
ε
(
1
2
, ξ, ψ ◦ tr
)
.
(29)
Here, ψ is a non-trivial character of Qp with the conductor (exponent) a(ψ) = 0 and tr is
the trace map from F to Qp. To compute ε
(
1
2 , ξ, ψ ◦ tr
)
and ε
(
1
2 , ξ
3, ψ ◦ tr) for πp = ωF,ξ
in Table 6, we use Theorem 3 from [2]. We can use a similar reasoning to determine
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ε
(
1
2 , sym
3(ωF,ξ)
)
for all the dihedral supercuspidal representations ωF,ξ in Table 7 except
for the cases when E/Q3 satisfies S
′
6 and S
′′
6 . If E/Q3 satisfies S
′
6 or S
′′
6 , then we use the
description of the quadratic extension F/Q3 in Table 7, and the explicit integration formula
for the ε-factors as in (ǫ3) of §11 of [12] to show that
ε
(
1
2
, sym3(ωF,ξ)
)
=
{(
∆′
3
)
ε
(
1
2 , ωF,ξ, ψ
)
if E/Q3 satisfies S
′
6
−ε (12 , ωF,ξ, ψ) if E/Q3 satisfies S′′6 , (30)
for each possible character ξ of F/Q3. Here ∆
′ = 3−v3(∆)∆ with the 3-adic valuation v3
and the discriminant ∆ of the Weierstrass equation of E/Q3.
3.2 Global results
In this section, we will discuss the global results on the sym3 lifting of non-CM elliptic
curves over Q. These results are special and more precise versions of Theorem 1.1.1 and
Corollary 1.2.1 for non-CM elliptic curves.
Theorem 3.2.1. Let π =
⊗
p πp be the cuspidal automorphic representation of GL(2,AQ)
with trivial central character attached to a non-CM elliptic curve E/Q given by the global
minimal Weierstrass equation (12) with coefficients in Z. So, the conductor a(π) of π equals
the conductor N of E. Suppose that E has good or potentially multiplicative reduction at
p = 2. Then there exists a cuspidal automorphic representation Π =
⊗
pΠp of GSp(4,AQ)
with trivial central character which is unramified at each prime p not dividing N , such that
(i) Πp is a generic representation at each finite prime p.
(ii) Π∞ is a holomorphic discrete series representation with minimal K-type (3, 3).
(iii) L(s,Π) = L(s, π, sym3).
Moreover, the conductor of E and the conductor a(Π) of Π are as follows
N =
∏
p|∆
pi and a(Π) =
∏
p|∆
pk, (31)
where the values of i, k are given in Table 8 for each p dividing the discriminant ∆ of (12).
Proof. Most of the statements of the theorem follow from Theorem 1.1.1. We only need
to show that the conductor N of E and the conductor a(Π) of Π = sym3(π) are given by
(31). Since N = a(π) = ⊗ppa(πp) and a(Π) = ⊗ppa(Πp), considering all possible values of
a(πp) and a(Πp) = a(sym
3(π)) from Tables 3, 4, and 5, we see that N and a(Π) are given
by (31) where i, k are given in Table 8. This concludes the proof.
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Table 6: The representation type, ε-factor, spin L-factor of sym3(πp) attached to E/Qp
with p ≥ 5. Here E has either potentially multiplicative reduction or potentially good
reduction and γ = γ(E/Qp) is the γ-invariant of E/Qp.
Condition GL(2,Qp) Cond. Rep. ε
(
1
2 , sym
3(πp)
)
L(s, sym3(πp))
on rep. on type of
E/Qp πp πp sym
3(πp)
j(E) 6∈ Zp (γ, ·)StGL(2) (γ, ·) IVa 1 1
is ram.
(γ, ·) is IVa −1 1
1−p−3/2−s
trivial
(γ, ·) is unr. IVa 1 1
1+p−3/2−s
nontrivial
j(E) ∈ Zp
(p−1)vp(∆)≡0 mod 12
χ× χ−1
a(χ) = 1
χ|2
Z×p
= 1 I 1 1
χ|3
Z×p
= 1 I 1 L(s,χ3)L(s,χ−3)
χ|4
Z×p
= 1 I 1 1
χ|6
Z×p
= 1 I 1 1
j(E) ∈ Zp
(p−1)vp(∆)6≡0 mod 12
π = ωF,ξ
F/Qp is unr.
a(ξ)=1
ξ(̟F )=1
ξ|3
o
×
F
= 1 X −1 1
1+p−2s
ξ|4
o
×
F
= 1 VIII 1 1
ξ|6
o
×
F
= 1 X 1 1
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Table 7: The Langlands parameter, representation type, and ε-factor of sym3(π3) attached
to E/Q3. Here we denote ind
W (Q3/Q3)
W (Q3/F )
(ξ) as indQ3F ξ and ∆
′ = 3−v3(∆)∆. Also, µ is an
irreducible parameter of GL(2,Q3) with det(µ) = χF/Q3 , and σ is a character of Q
×
3 such
that ξ3 = σ ◦NF/Q3 . The additive character implicit in the ε-factors is understood to have
conductor exponent 0.
Cond. GL(2,Q3) Cond. Langlands Rep. ε
(
1
2 , sym
3(π3)
)
from rep. on parameter type of
table 2 π3 π3 for sym
3(π3) sym
3(π3)
P2 χ× χ−1 a(χ) = 1 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 I 1
χ|2
Z×
3
= 1
P3 χ× χ−1 a(χ) = 2 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 I 1
χ|3
Z×
3
= 1
P4 χ× χ−1 a(χ) = 1 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 I 1
χ|4
Z×
3
= 1
P6 χ× χ−1 a(χ) = 2 χ3 ⊕ χ⊕ χ−1 ⊕ χ−3 I 1
χ|6
Z×
3
= 1
S4 ωF,ξ a(ξ) = 1 ϕπ3 ⊕ ϕπ3 VIII 1
F=Q3(i) ξ(̟F ) = −1 ϕπ3 = indQ3F ξ
ξ|4
o
×
F
= 1
S3 ωF,ξ a(ξ) = 2 σχF/Q3 ⊕ σµ ⊕ σ X −1
F=Q3(
√
∆) ξ(̟F ) = −1 σµ = indQ3F ξ
ξ|3
o
×
F
= 1
S6 ωF,ξ a(ξ) = 2 σχF/Q3 ⊕ σµ ⊕ σ X 1
F=Q3(
√
∆) ξ(̟F ) = −1 σµ = indQ3F ξ
ξ|6
o
×
F
= 1
S
′
6 ωF,ξ a(ξ) = 2 ind
Q3
F ξ ⊕ indQ3F ξ3 super-
(
∆
′
3
)
ε( 1
2
,π3)
F=Q3(
√
∆) ξ|6
o
×
F
= 1 cuspidal
S
′′
6 ωF,ξ a(ξ) = 4 ind
Q3
F ξ ⊕ indQ3F ξ3 super- −ε( 12 ,π3)
F=Q3(
√
∆) ξ|6
o
×
F
= 1 cuspidal
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Table 8: Exponents i, k of p in N = a(π) and a(sym3(π)) respectively. We use this table in
Theorem 3.2.1 and Corollary 3.2.2. Here, e = 12(vp(∆),12) with vp being the p-adic valuation.
Condition Condition i k Reduction type
on p | N on E of E at p
for any p vp(∆) > 0, 1 3 multiplicative
p || N vp(c4) = 0 reduction
for any p j(E) 6∈ Zp i = 2 if p ≥ 3 2i additive,
pi || N i ∈ {4, 6} if p = 2 potentially
i ≥ 2 multiplicative
for p ≥ 5 j(E) ∈ Zp, 2 4 additive,
p2 || N e ∈ {2, 4, 6} potentially good
for p ≥ 5 j(E) ∈ Zp, 2 2 additive,
p2 || N e = 3 potentially good
for p = 3 j(E) ∈ Z3, 2 4 additive,
p2 || N E satisfies potentially
P2 or P4 or S4 good
from Table 2
for p = 3 j(E) ∈ Z3, 3 5 additive,
p3 || N E satisfies S′6 potentially
from Table 2 good
for p = 3 j(E) ∈ Z3, 4 4 additive,
p4 || N E satisfies potentially
P3 or S3 good
from Table 2
for p = 3 j(E) ∈ Z3, 4 6 additive,
p4 || N E satisfies potentially
P6 or S6 good
from Table 2
for p = 3 j(E) ∈ Z3, 5 7 additive,
p5 || N E satisfies S′′6 potentially
from Table 2 good
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Since there is a natural correspondence between the cuspidal automorphic representations
of GSp(4,AQ) and paramodular forms as discussed in Corollary 1.2.1, we get the following
corollary as an immediate consequence of Theorem 3.2.1.
Corollary 3.2.2. Let E be a non-CM elliptic curve over Q given by the global minimal
Weierstrass equation (12) with coefficients in Z. Suppose that E has good or potentially
multiplicative reduction at p = 2. Then there is a cuspidal paramodular newform f of degree
2, weight 3, and level M such that L(s, f) = L(s,E, sym3). Moreover, the conductor N of
E and the level M of f are given by
N =
∏
p|∆
pi and M =
∏
p|∆
pk,
where the values of i, k are given in the Table 8 for p dividing the discriminant ∆ of (12).
Furthermore, if the conductor of an non-CM elliptic curve E/Q is given along with the
Weierstrass equation, then we have the following refinement of Theorem 3.2.1.
Corollary 3.2.3. Let π =
⊗
p πp be the cuspidal automorphic representation of GL(2,A)
attached to a non-CM elliptic curve E/Q given by the global minimal Weierstrass equation
(12) with coefficients in Z and the conductor N . Suppose that E has good or multiplica-
tive reduction at p = 2. Then Π = sym3(π) is a cuspidal automorphic representation of
GSp(4,AQ) with trivial central character, which is unramified at each prime p not dividing
N and satisfies the properties (i), (ii), (iii) as in Theorem 3.2.1. Moreover, the conductor
a
(
sym3(π)
)
of sym3(π) is given by
a
(
sym3(π)
)
= N
∏
p|N
vp(∆)6≡0 mod 4
p2. (32)
Proof. Here, we only need to prove the formula (32) for a
(
sym3(π)
)
. Note that (32) is a
consequence of the following facts from Table 8:
k = i if and only if vp(∆) ≡ 0 mod 4.
k = i+ 2 if and only if vp(∆) 6≡ 0 mod 4.
(33)
To see this, note that k = i in Table 8 precisely in the following cases:
i) j(E) ∈ Zp and e = 3 for p ≥ 5
ii) j(E) ∈ Z3 and E satisfies P3 or S3 from Table 2.
Now, e = 12(vp(∆),12) = 3 if and only if vp(∆) ≡ 0 mod 4. Also, from Table 2, we see
that E satisfies P3 or S3 if and only if vp(∆) ≡ 0 mod 4. Hence, k = i if and only if
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vp(∆) ≡ 0 mod 4. Moreover, observe that k = i + 2 in Table 8 for all other cases except
for the case when E has additive but potentially multiplicative reduction at p = 2. Since
we have omitted this case in the statement of the corollary, we get k = i+ 2 if and only if
vp(∆) 6≡ 0 mod 4. This proves (33) and hence proves (32).
Proof of Theorem 1. Most parts of Theorem 1 including the statement (i) follow from
Corollary 3.2.3. Let π = ⊗πp be the cuspidal automorphic representation of GL(2,AQ)
associated to E/Q. The assertion (ii) follows from Table 6 and 7, and the fact that
Lp(s, f) = L(s, sym
3(πp)). One can easily see the assertion (iii) using Table 6 and 7, and
the fact that the Atkin-Lehner eigenvalue of f at a finite place p is equal to ε
(
1
2 , sym
3(πp)
)
.
Also, observe that w(E/Q3) = ε(
1
2 , π3).
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